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All questions may be attempted but only marks obtained on the best four solutions will
count.

The use of an electronic calculator is not permitted in this examination

1. (a) State what it means for a real sequence to converge.
)

b) Prove that a convergent sequence is bounded.

c) Show that if lim z, = ! and lim y, = m then lim (z, - y,) =1 -m.
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d) Use the definition of convergence (not the combination theorem or other theo-
ems) to show that
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2. (a) State the definition of lim_ flz) =1L
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(b) Let f : (a,b) — R be a function and £ € (a,b). Prove that

limy flx)==1

z—E
if and only if, for each sequence (z,) of points of (a,b) such that z, # £, n =1,2,...

lim 2, =€ =3 lim f(z,) =1

(c) Let f: R — R be defined by

_J3-z (z21),
f(x)—{ 2 (z<1).

Prove carefully (using € and ¢) that f(z) is continuous at z = 1.

3. (a) State the Least Upper Bound Principle (continuum property).
(b) Find, if they exist, the sup, inf, max and min of the set

S={27%+3™:k,meN,k>2}

(c) Define what it means for a sequence to be Cauchy.
(d) State the General Principle of Convergence.

(e) Show that if (z,) is a convergent sequence, then it is a Cauchy sequence.
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4. (a) Prove that the harmonic series
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diverges.

(b) State and prove the comparison test for two series
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with non-negative terms.

(c) Determine with explanations whether the following series converge or diverge.
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5. (a) State the Cauchy—Schwarz inequality.

(b) Show that, if ay,as, ..., a, are all positive numbers, then

() (52)-+

(c) State and prove the Intermediate Value Theorem.

(d) Assume f : [0,1] — R is continuous on the interval [0, 1] and f(0) = f(1). Show
that we can find a c € [0,1/2] with

fle) = f(c+1/2).

6. (a) State the Arithmetic Mean — Geometric Mean Inequality for n non-negative
numbers ay, as, ..., an.

(b) Let 0 < a < b. Define the sequence (z,) by

1
T1=a, Tp=0b, ZTopp = VZ2mTon-1, Tony2 = '2*(33271 -+ 332n-1)-

Use induction to prove
Ton—1 < Tont1 < Ton42 < Top,

and deduce that the subsequences of even and odd subscripts converge to the same
limit. What does this imply for the sequence (z,)?
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